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In this paper, a class of multiobjective control problems is considered, where the
objective and constraint functions involved are f t xt x˙t yt zt with xt ∈
Rn, yt ∈ Rn, and zt ∈ Rm, where xt and zt are the control variables and yt
is the state variable. Under the assumption of invexity and its generalization, duality
theorems are proved through a parametric approach to related properly efﬁcient
solutions of the primal and dual problems.  2002 Elsevier Science (USA)
1. INTRODUCTION
The problem of optimal control with mixed equality and inequality con-
strains is considered in [6, 8]. B. Mond and I. Smart [8] established duality
results for a control problem under invexity and showed that for invex func-
tions, the necessary conditions for optimality in the control problem are
also sufﬁcient. Bhatia and Kumar [1] discussed the multiobjective control
problems with ρ–pseudoinvexity, ρ–strictly pseudoinvexity, ρ–quasiinvexity,
or ρ–strictly quasiinvexity. Nahak and Nanda [9] discussed the efﬁciency
and duality for multiobjective variational control problems with F ρ–
convexity. The objective and constraint functions in both papers were dif-
ferent. Xiuhong [4, 5] also considered duality and symmetric duality for two
types of multiobjective variational problems, respectively. In this paper, the
objective and constraint functions considered are f t xt x˙t yt zt
with xt ∈ Rn, yt ∈ Rn, and zt ∈ Rm, where xt and zt are the con-
trol variables and yt is the state variable. Under the invexity assumption
on the functions involved, duality theorems are proved through a parmet-
ric approach to related properly efﬁcient solutions. These results generalize
the results of [2, 3, 7, 8].
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2. PRELIMINARIES AND NOTATIONS
Let I = a b be a real interval, fit xt x˙t yt zt (i =
1 2     p), gjt xt, x˙t yt zt (j = 1 2     q), and let hkt xt,
x˙t yt zt (k = 1 2     n) be continuously differentiable functions,
where t is the independent variable, x 	 I → Rn and z 	 I → Rm are the
control variables, and y 	 I → Rn is the state variable. xt and zt are
related to yt via the state equations ht xt x˙t yt zt = y˙t,
where the dot denotes a derivative with respect to t. Denote the ﬁrst par-
tial derivatives of fi with respect to t, x, x˙, y, and z, respectively, by fit ,
fix, fix˙, fiy , and fiz; that is,
fit =
∂fi
∂t

fix =
(
∂fi
∂x1

∂fi
∂x2
    
∂fi
∂xn
)T
 fix˙ =
(
∂fi
∂x˙1

∂fi
∂x˙2
    
∂fi
∂x˙n
)T

fiy =
(
∂fi
∂y1

∂fi
∂y2
    
∂fi
∂yn
)T
 fiz =
(
∂fi
∂z1

∂fi
∂z2
    
∂fi
∂zm
)T

i = 1 2     p, where T denotes the transpose operator. Similarly,
gjt gjx gjx˙ gjy and gjz denote the ﬁrst partial derivatives of gj with respect
to t xt x˙t yt, and zt for j = 1 2     q; hkt hkx hkx˙ hky , and hkz
denote the ﬁrst partial derivatives of hk with respect to t xt x˙t yt,
and zt for k = 1 2     n.
For an r–dimensional vector function Rt xt x˙t yt zt, denote
the ﬁrst partial derivative with respect to t xt x˙t yt, and zt by
RtRxRx˙Ry , and Rz, respectively; that is,
Rt =
(
∂R1
∂t

∂R2
∂t
    
∂Rr
∂t
)T

Rx =


∂R1
∂x1
∂R1
∂x2
   ∂R
1
∂xn
∂R2
∂x1
∂R2
∂x2
   ∂R
2
∂xn


  

∂Rr
∂x1
∂Rr
∂x2
   ∂R
r
∂xn


r×n
 Rx˙ =


∂R1
∂x˙1
∂R1
∂x˙2
   ∂R
1
∂x˙n
∂R2
∂x˙1
∂R2
∂x˙2
   ∂R
2
∂x˙n


  

∂Rr
∂x˙1
∂Rr
∂x˙2
   ∂R
r
∂x˙n


r×n

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Ry =


∂R1
∂y1
∂R1
∂y2
   ∂R
1
∂yn
∂R2
∂y1
∂R2
∂y2
   ∂R
2
∂yn


  

∂Rr
∂y1
∂Rr
∂y2
   ∂R
r
∂yn


r×n
 Rz =


∂R1
∂z1
∂R1
∂z2
   ∂R
1
∂zm
∂R2
∂z1
∂R2
∂z2
   ∂R
2
∂zm


  

∂Rr
∂z1
∂Rr
∂z2
   ∂R
r
∂zm


r×m

Denote by X the space of piecewise smooth control functions x 	 I → Rn
with norm x∞; Z the space of piecewise continuous control functions
z 	 I → Rm with norm z∞; Y the space of piecewise continuous differen-
tiable state functions y 	 I → Rn with norm y = y∞ + Dy∞, where
the differentiation operator D is given by
u = Dx⇐⇒ xt = ua +
∫ b
a
usds
where ua is a given boundary value. Therefore d
dt
= D except at
discontinuities.
Deﬁne
!+ = τ ∈ Rpτ > 0 τT e = 1 e = 1 1     1T ∈ Rp
Denote Rp+ be the non-negative orthant of Rp.
Consider the following multiobjective control problem
(MCP) minimize
( ∫ b
a
f1txtx˙tytztdt 
∫ b
a
fptxtx˙tytztdt
)
subject to xa=ya=za=0 xb=yb=zb=0
x˙a=0= x˙b (1)
y˙t=htxtx˙tytzt∀t∈I (2)
gtxtx˙tytzt=g1txtx˙tytzt
gqtxtx˙tytztT ≤0 ∀ t∈I (3)
where the functions involved are different from those of [1, 3, 6], but are
similar to the form of [5, 8].
Deﬁnition 1. A point x∗t y∗t z∗t is said to be an efﬁcient solu-
tion of (MCP), if for all feasible solution xt yt zt of (MCP)∫ b
a
fit x∗t x˙∗t y∗t z∗tdt
≥
∫ b
a
fit xt x˙t yt ztdt i = 1 2     p
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then
∫ b
a
fit x∗t x˙∗t y∗t z∗tdt
=
∫ b
a
fit xt x˙t yt ztdt i = 1 2     p
The point x∗t y∗t z∗t is said to be a properly efﬁcient solution of
(MCP), if there exists a scalar realM > 0 such that for all i ∈ 1 2     p
∫ b
a
fitx∗tx˙∗ty∗tz∗tdt−
∫ b
a
fitxtx˙tytzt dt
≤M
(∫ b
a
fjtxtx˙tytztdt−
∫ b
a
fjtx∗tx˙∗ty∗tz∗t dt
)
for some j, such that
∫ b
a
fjt xt x˙t yt ztdt >
∫ b
a
fjt x∗t x˙∗t y∗t z∗tdt
whenever the feasible solution xt yt zt of (MCP) and
∫ b
a
fit x∗t x˙∗t y∗t z∗tdt >
∫ b
a
fit xt x˙t yt ztdt
Lemma 1. If x∗t y∗t z∗t is a properly efﬁcient solution for
(MCP), then x∗t y∗t z∗t solves the following problem for some
τ ∈ !+
minimize
p∑
i=1
τi
∫ b
a
fit xt x˙t yt ztdt
subject to 1 2 and 3
Proof. The process is very similar to that for Lemma 2 of [4].
Lemma 2. If x∗t y∗t z∗t solves the following problem
minimize
∫ b
a
f t xt x˙t yt ztdt
subject to 1 2 and 3
If the Fre´chet derivative D−Hyx∗ y∗ z∗ is surjective, and if x∗t y∗t
z∗t is normal, then there exist piecewise smooth µ∗ 	 I → Rq
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and ρ∗ 	 I → Rn, satisfying the following for all t ∈ I
fxt x∗t x˙∗t y∗t z∗t + µ∗tT gxt x∗t x˙∗t y∗t z∗t
+ρ∗tThxt x∗t x˙∗t y∗t z∗t
+Dfx˙t x∗t x˙∗t y∗t z∗t
+µ∗tT gx˙t x∗t x˙∗t y∗t z∗t
+ρ∗tThx˙t x∗t x˙∗t y∗t z∗t = 0
fyt x∗t x˙∗t y∗t z∗t + µ∗tT gyt x∗t x˙∗t y∗t z∗t
+ρ∗tThyt x∗t x˙∗t y∗t z∗t + ρ˙∗t = 0
fzt x∗t x˙∗t y∗t z∗t + µ∗tT gzt x∗t x˙∗t y∗t z∗t
+ρ∗tThzt x∗t x˙∗t y∗t z∗t = 0
µ∗tT gt x∗t x˙∗t y∗t z∗t = 0
µ∗t ≥ 0
Proof. It is very similar to that of Theorem 1 of [2].
Now, the following control dual problems of (MCP) are given
(MCD1) maximize
(∫ b
a
[
f1t ut u˙t vt wt
+µtT gt ut u˙t vt wt]dt    ∫ b
a
[
fpt ut u˙t vt wt
+µtT gt ut u˙t vt wt]dt)
subject to ua = va = wa = 0 ub = vb = wb = 0
u˙a = u˙b = 0 (4)
p∑
i=1
λifixt ut u˙t vt wt + µtT gxt ut u˙t vt wt
+ρtThxt ut u˙t vt wt
+D
[ p∑
i=1
λifix˙t ut u˙t vt wt
+µtT gx˙t ut u˙t vt wt
+ρtThx˙t ut u˙t vt wt
]
= 0 t ∈ I (5)
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p∑
i=1
λifiyt ut u˙t vt wt + µtT gyt ut u˙t vt wt
+ρtThyt ut u˙t vt wt + ρ˙t = 0 t ∈ I (6)
p∑
i=1
λifizt ut u˙t vt wt + µtT gzt ut u˙t vt wt
+ρtThzt ut u˙t vt wt = 0 t ∈ I (7)∫ b
a
ρtT [ht ut u˙t vt wt − v˙t]dt ≥ 0 (8)
µt ∈ Rq+ ρt ∈ Rn t ∈ I λ ∈ !+ (9)
and
(MCD2) maximize
(∫ b
a
f1t ut u˙t vt wtdt    
∫ b
a
fpt ut u˙t vt wtdt
)
subject to 4 5 6 7 8 9
and
∫ b
a
µtT gt ut u˙t vt wtdt ≥ 0 (10)
where (MCD1) is said to be the Wolfe-type vector control dual problem,
and (MCD2) be the Mond–Wier-type vector control dual problem.
To deduce our main results, the following deﬁnitions are necessary. These
deﬁnitions generalize those of [3–5, 8].
Deﬁnition 3. If there exists a vector function ηt xt x˙t yt,
y˙t zt, x¯t, ˙¯xt, y¯t ˙¯yt z¯t ∈ Rn+, with η = 0 at t if xt = x¯t
or yt = y¯t or zt = z¯t, and ξt xt x˙t yt y˙t zt x¯t ˙¯xt,
y¯t ˙¯yt z¯t ∈ Rm such that for the scalar function ht xt x˙t yt
y˙t zt the functional
Hx x˙ y y˙ z =
∫ b
a
ht xt x˙t yt y˙t ztdt
satisﬁes
Hx x˙ y y˙ z −Hx¯ ˙¯x y¯ ˙¯y z¯
≥
∫ b
a
{
ηT
[
hxt x¯t ˙¯xt y¯t ˙¯yt z¯t
+hyt x¯t ˙¯xt y¯t ˙¯yt z¯t
]
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+DηT [hx˙t x¯t ˙¯xt y¯t ˙¯yt z¯t
+hy˙t x¯t ˙¯xt y¯t ˙¯yt z¯t
]
+ ξThzt x¯t ˙¯xt y¯t ˙¯yt z¯t
}
dt
then Hx x˙ y y˙ z is said to be invex in x¯, ˙¯x, y¯, ˙¯y, and z¯ on I with respect
to η and ξ.
Deﬁnition 4. If for all x ∈ X, y ∈ Y , and z ∈ Z
∫ b
a
{
ηT
[
hxt x¯t ˙¯xt y¯t ˙¯yt z¯t + hyt x¯t ˙¯xt y¯t ˙¯yt z¯t
]
+DηT [hx˙t x¯t ˙¯xt y¯t y˙t z¯t
+hy˙t x¯t ˙¯xt y¯t ˙¯yt z¯t
]
+ ξThzt x¯t ˙¯xt y¯t ˙¯yt z¯t
}
dt ≥ 0
⇒ Hx x˙ y y˙ z ≥ > Hx¯ ˙¯x y¯ ˙¯y z¯
then Hx x˙ y y˙ z is said to be (strictly) pseudoinvex in x¯, ˙¯x, y¯, ˙¯y, and z¯
on I with respect to η and ξ.
Deﬁnition 5. If for all x ∈ X, y ∈ Y , and z ∈ Z
Hx x˙ y y˙ z ≤ Hx¯ ˙¯x y¯ ˙¯y z¯
⇒
∫ b
a
{
ηT
[
hxt x¯t ˙¯xt y¯t ˙¯yt z¯t + hyt x¯t ˙¯xt y¯t ˙¯yt z¯t
]
+DηT [hx˙t x¯t ˙¯xt y¯t ˙¯yt z¯t + hy˙t x¯t ˙¯xt y¯t ˙¯yt z¯t]
+ ξT hzt x¯t ˙¯xt y¯t ˙¯yt z¯t
}
dt ≤ < 0
then Hx x˙ y y˙ z is said to be (strictly) quasiinvex in x¯, ˙¯x,y¯, ˙¯y, and z¯ on
I with respect to η and ξ.
3. DUALITY BETWEEN (MCP) AND (MCD1)
We now give the duality theorems for (MCP) under the above invexity
Theorem 1 (Weak duality). Assume that for all feasible solutions xt,
yt zt of (MCP), and for all feasible solutions ut vt wt λ,
µt ρt of (MCD1), ∫ ba fit xt, x˙t yt zt + µtT gt xt x˙t,
yt ztdt is invex in u,u˙,v, and w on I with respect to the same η ∈ Rn+
and ξ ∈ Rm, i = 1 2     p; ∫ ba ρtT ht xt x˙t, yt zt − y˙tdt
is also invex in u, u˙, v, and w on I with respect to the above η and ξ. Then
the following inequalities cannot hold simultaneously.
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(1) For all i ∈ 1 2     p∫ b
a
fit xt x˙t yt ztdt
≤ ∫ b
a
[
fit ut u˙t vt wt+µtT gt ut u˙t vt wt
]
dt (11)
(2) For at least one j ∈ 1 2     p∫ b
a
fjt xt x˙t yt ztdt
<
∫ b
a
[
fjt ut u˙t vt wt+µtT gt ut u˙t vt wt
]
dt (12)
Proof. For each feasible solution xt yt zt of (MCP) and each
feasible solution ut vt wt λ µt ρt of (MCD1)
p∑
i=1
λi
∫ b
a
[
fit xt x˙t yt zt + µtT gt xt x˙t yt zt
]
dt
−
p∑
i=1
λi
∫ b
a
[
fit ut u˙t vt wt
+µtT gt ut u˙t vt wt
]
dt
≥
p∑
i=1
λi
∫ b
a
{
ηT
[
fixt ut u˙t vt wt
+µtT gxt ut u˙t vt wt
+ fiyt ut u˙t vt wt
+µtT gyt ut u˙t vt wt
]
+DηT [ fix˙t ut u˙t vt wt
+µtT gx˙t ut u˙t vt wt
]
+ ξT [fizt ut u˙t vt wt
+µtT gzt ut u˙t vt wt
]}
dt
=
∫ b
a
{
ηT
[
p∑
i=1
λi fixt ut u˙t vt wt
+µtT gxt ut u˙t vt wt
+D
(
p∑
i=1
λi fix˙t ut u˙t vt wt
+µtT gx˙t ut u˙t vt wt
)]
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+ηT
[
p∑
i=1
λi fiyt ut u˙t vt wt
+µtT gyt ut u˙t vt wt
]
+ ξT
[
p∑
i=1
λi fizt ut u˙t vt wt
+µtT gzt ut u˙t vt wt
]}
dt
=
∫ b
a
{
ηT
[−ρtThxt ut u˙t vt wt
−D(ρtThx˙t ut u˙t vt wt)]
+ηT [−ρtThyt ut u˙t vt wt − ρ˙t]
+ ξT [−ρtThzt ut u˙t vt wt]}dt
= −
∫ b
a
{
ηT
[
ρtThxt ut u˙t vt wt
+ρtThyt ut u˙t vt wt
+D(ρtThx˙t ut u˙t vt wt)+ρ˙t]
+ ξT [ρtThzt ut u˙t vt wt]}dt (13)
where the ﬁrst inequality is obtained from the invexity of
∫ b
a fit xt,
x˙t yt zt + µtT gt xt x˙t yt ztdt, i = 1 2     p; the
second equality is obtained from integrating by parts, when t = a and t = b,
xt = ut, so it follows that η = 0; the third is obtained from (5)–(7).
By (2) and (8),
∫ b
a
ρtT [ht xt x˙t yt zt − y˙t]dt
≤
∫ b
a
ρtT [ht ut u˙t vt wt − v˙t]dt
The invexity of
∫ b
a ρtT
[
ht xt x˙t yt zt − y˙t]dt implies
∫ b
a
{
ηT
[
ρtThxt ut u˙t vt wt
]
+DηT [ρtThx˙t ut u˙t vt wt]
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+ηT [ρtThyt ut u˙t vt wt]+DηT [−En×nρt]
+ ξT [ρtThzt ut u˙t vt wt]}dt ≤ 0 (14)
where En×n is n× n unit matrix. Integrating
∫ b
a DηT  −En×nρtdt by
parts
∫ b
a
DηT [−En×nρt]dt
=
[
−ηT ρ˙t
]∣∣∣∣
b
a
+
∫ b
a
ηT ρ˙tdt =
∫ b
a
ηT ρ˙tdt
From (14), we have
∫ b
a
{
ηT
[
ρtThxt ut u˙t vt wt + ρtThyt ut u˙t vt wt
+D(ρtThx˙t ut u˙t vt wt)+ρ˙t]
+ ξT [ρtThzt ut u˙t vt wt]}dt ≤ 0 (15)
So, from (13) we get
p∑
i=1
λi
∫ b
a
[
fitxtx˙tytzt+µtT gtxtx˙tytzt
]
dt
≥
p∑
i=1
λi
∫ b
a
[
fitutu˙tvtwt+µtT gtutu˙tvtwt
]
dt
By (3) and (9), we obtain
p∑
i=1
λi
∫ b
a
fitxtx˙tytztdt
≥
p∑
i=1
λi
∫ b
a
[
fitutu˙tvtwt+µtT gtutu˙tvtwt
]
dt
The proof is complete.
Remark 1. From the proof of Theorem 1, we can also obtain that (11)
and (12) cannot hold simultaneously if one of the following conditions
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holds:
(1)
∫ b
a fit xt x˙t yt zt + µtT gt xt x˙t yt ztdt
is invex in x x˙ y, and z on I with respect to the same η and ξ, i =
1 2     p;
∫ b
a ρtT ht xt x˙t yt zt − y˙tdt is quasiinvex in
x x˙ y, and z with respect to η and ξ.
(2) λ ∈ !+, ∫ ba fit xt x˙t yt zt + µtT gt xt x˙t yt
ztdt is pseudoinvex in x x˙ y, and z on I with respect to the same η
and ξ, i = 1 2     p; ∫ ba ρtT ht xt x˙t yt zt − y˙tdt is invex
or quasiinvex x x˙ y, and z with respect to η and ξ.
(3) λ ∈ !+,∫ ba fit xt x˙t yt zt + µtT gt xt x˙t yt
ztdt is strictly quasiinvex in x x˙ y, and z on I with respect to the
same η and ξ, i = 1 2     p; ∫ ba ρtT ht xt x˙t yt zt − y˙tdt
is quasiinvex x x˙ y, and z with respect to η and ξ.
(4)
∫ b
a
[∑p
i=1 fit xt x˙t yt zt + µtT gt xt x˙t yt,
zt]dt and ∫ ba ρtT ht xt x˙t yt zt − y˙tdt is strictly quasi-
invex in x x˙ y, and z on I with respect to the same η and ξ.
(5)
∫ b
a
[∑p
i=1 fit xt x˙t yt zt + µtT gt xt x˙t yt
zt]dt is quasiinvex in x x˙ y, and z on I with respect to the same η
and ξ;
∫ b
a ρtT ht xt x˙t yt zt − y˙tdt is strictly pseudoinvex
in x x˙ y, and z on I with respect to η and ξ.
Theorem 2 (Strong duality). Assume that the invexities of Theorem 1 are
satisﬁed. Let x∗t y∗t x∗t be a properly efﬁcient solution of (MCP). If
x∗t y∗t z∗t satisﬁes the constraint qualiﬁcation of Lemma 2 for the
following problem for some λ∗ ∈ !+
Pλ∗ minimize
p∑
i=1
λ∗i
∫ b
a
fit xt x˙t yt ztdt
subject to 1 2 and 3
then there exist piecewise smooth µ∗ 	 I → Rq, ρ∗ 	 I → Rn such that
x∗t y∗t z∗t, λ∗ µ∗t ρ∗t is a properly efﬁcient solution of
(MCD1).
Proof. Now that x∗t y∗t z∗t is a properly efﬁcient solution of
(MCP), from Lemma 1, x∗t y∗t z∗t solves Pλ∗ for some λ∗ ∈
!+. As x∗t y∗t z∗t satisﬁes the constraint qualiﬁcation for Pλ∗ for
some λ∗ ∈ !+, it follows from Lemma 2 that there exist piecewise smooth
µ∗ 	 I → Rq and ρ∗ 	 I → Rn, satisfying the following for all t ∈ I
p∑
i=1
λ∗i fixt x∗t x˙∗t y∗t z∗t + µ∗tT gxt x∗t x˙∗t y∗t z∗t
+ρ∗tThxt x∗t x˙∗t y∗t z∗t
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+D
[
p∑
i=1
λ∗i fix˙t x∗t x˙∗t y∗t z∗t
+µ∗tT gx˙t x∗t x˙∗t y∗t z∗t
+ρ∗tThx˙t x∗t x˙∗t y∗t z∗t
]
= 0
p∑
i=1
λ∗i fiyt x∗t x˙∗t y∗t z∗t + µ∗tT gyt x∗t x˙∗t y∗t z∗t
+ρ∗tThyt x∗t x˙∗t y∗t z∗t + ρ˙∗t = 0
p∑
i=1
λ∗i fizt x∗t x˙∗t y∗t z∗t + µ∗tT gzt x∗t x˙∗t y∗t z∗t
+ρ∗tThzt x∗t x˙∗t y∗t z∗t = 0
µ∗tT gt x∗t x˙∗t y∗t z∗t = 0
µ∗t ≥ 0
From (2),
∫ b
a ρ
∗tT ht x∗t x˙∗t y∗t z∗t − y˙∗tdt = 0. So,
x∗t y∗t z∗t, λ∗ µ∗t ρ∗t is a feasible solution of (MCD1).
If x∗t y∗t z∗t λ∗ µ∗t ρ∗t is not an efﬁcient feasible solution
of (MCD1), then there exists a feasible solution ut vt wt λ µt,
ρt of (MCD1) such that for all i ∈ 1 2     p
∫ b
a
[
fit ut u˙t vt wt + µtT gt ut u˙t vt wt
]
dt
≥
∫ b
a
[
fit x∗t x˙∗t y∗t z∗t
+µ∗tT gt x∗t x˙∗t y∗t z∗t
]
dt 
and for at least one j ∈ 1 2     p
∫ b
a
[
fjt ut u˙t vt wt + µtT gt ut u˙t vt wt
]
dt
>
∫ b
a
[
fjt x∗t x˙∗t y∗t z∗t
+µ∗tT gt x∗t x˙∗t y∗t z∗t]dt
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Since µ∗tT gt x∗t x˙∗t y∗t z∗t = 0, we have for all i ∈
1 2     p
∫ b
a
[
fit ut u˙t vt wt + µtT gt ut u˙t vt wt
]
dt
≥
∫ b
a
fit x∗t x˙∗t y∗t z∗tdt
and for at least one j ∈ 1 2     p
∫ b
a
[
fjt ut u˙t vt wt + µtT gt ut u˙t vt wt
]
dt
>
∫ b
a
fjt x∗t x˙∗t y∗t z∗tdt
which contradicts the conclusion of Theorem 1.
Now, we assume that x∗t y∗t z∗t λ∗, µ∗t ρ∗t is not a prop-
erly efﬁcient feasible solution of (MCD1), i.e., there exists a feasible solu-
tion ut vt, wt λ µt ρt of (MCD1) such that for some i ∈
1 2     p and any real M > 0
∫ b
a
[
fit ut u˙t vt wt + µtT gt ut u˙t vt wt
]
dt
−
∫ b
a
[
fit x∗t x˙∗t y∗t z∗t
+µ∗tT gt x∗t x˙∗t y∗t z∗t]dt > M
Again from µ∗tT gt x∗t x˙∗t y∗t z∗t = 0, we have
p∑
i=1
λ∗i
∫ b
a
[
fit ut u˙t vt wt + µtT gt ut u˙t vt wt
]
dt
−
p∑
i=1
λ∗i
∫ b
a
fit x∗t x˙∗t y∗t z∗tdt > M
which contradicts Theorem 1 again and the proof is complete.
Theorem 3 (Converse duality). Assume that weak duality (Theorem 1)
holds between (MCP) and (MCD1). If u¯t v¯t w¯t is feasible for
(MCP) and u¯t v¯t, w¯t λ¯ µ¯t ρ¯t is feasible for (MCD1) with
µ¯tT gt u¯t ˙¯ut v¯t w¯t = 0, then u¯t v¯t w¯t is properly efﬁ-
cient for (MCP) and u¯t v¯t w¯t λ¯ µ¯t ρ¯t is properly efﬁcient for
(MCD1).
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Proof. Suppose that u¯t v¯t w¯t is not efﬁcient for (MCP), then
there exists some feasible solution xt yt zt of (MCP) such that for
all i ∈ 1 2     p∫ b
a
fit xt x˙t yt ztdt ≤
∫ b
a
fit u¯t ˙¯ut v¯t w¯tdt
and for some j ∈ 1 2     p∫ b
a
fjt xt x˙t yt ztdt <
∫ b
a
fjt u¯t ˙¯ut v¯t w¯tdt
Since µ¯tT gt u¯t ˙¯ut v¯t w¯t = 0, we have for all i ∈ 1 2     p∫ b
a
fit xt x˙t yt ztdt
≤
∫ b
a
[
fit u¯t ˙¯ut v¯t w¯t + µ¯tT gt u¯t ˙¯ut v¯t w¯t
]
dt
and for some j ∈ 1 2     p∫ b
a
fjt xt x˙t yt ztdt
≤
∫ b
a
[
fjt u¯t ˙¯ut v¯t w¯t + µ¯tT gt u¯t ˙¯ut v¯t w¯t
]
dt
which contradicts the weak duality. Hence u¯t v¯t w¯t is efﬁcient for
(MCP). It is similar to the proof of Theorem 2 that u¯t v¯t w¯t is also
a properly efﬁcient for (MCP).
Similarly, we deduce that u¯t v¯t w¯t λ¯ µ¯t ρ¯t is also properly
efﬁcient for (MCD1).
4. DUALITY BETWEEN (MCP) AND (MCD2)
In this section, we discuss the duality between (MCP) and (MCD2). The
proof is similar to that of Theorems 1–3.
Theorem 4 (Weak duality). Assume that for all feasible solutions
xt yt zt of (MCP), and for all feasible solutions ut vt wt
λ µt ρt of (MCD2), ∫ ba fit xt x˙t yt ztdt, i = 1 2     p;∫ b
a µtT gt xt x˙t yt ztdt and
∫ b
a ρtT ht xt x˙t yt,
zt− y˙tdt are invex in u,u˙,v, and w on I with respect to the same η ∈ Rn+
and ξ ∈ Rm. Then the following inequalities cannot hold simultaneously.
(1) For all i ∈ 1 2     p∫ b
a
fit xt x˙t yt ztdt ≤
∫ b
a
fit ut u˙t vt wtdt (16)
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(2) For at least one j ∈ 1 2     p
∫ b
a
fjtxtx˙tytztdt<
∫ b
a
fjtutu˙tvtwtdt (17)
Proof. For each feasible solution xt yt zt of (MCP) and each
feasible solution ut vt wt λ µt ρt of (MCD2), we have
p∑
i=1
λi
∫ b
a
fit xt x˙t yt ztdt
−
p∑
i=1
λi
∫ b
a
fit ut u˙t vt wtdt
≥
p∑
i=1
λi
∫ b
a
{
ηT
[
fixt ut u˙t vt wt
+fiyt ut u˙t vt wt
]
+DηT fix˙t ut u˙t vt wt
+ ξT fizt ut u˙t vt wt
}
dt
=
∫ b
a
{
ηT
[
p∑
i=1
λi fixt ut u˙t vt wt
+D
(
p∑
i=1
λi fix˙t ut u˙t vt wt
)]
+ηT
[
p∑
i=1
λi fiyt ut u˙t vt wt
]
+ ξT
[
p∑
i=1
λi fizt ut u˙t vt wt
]}
dt
=
∫ b
a
{
ηT
[−µtT gxt ut u˙t vt wt
−D(µtT gx˙t ut u˙t vt wt)
−ρtThxt ut u˙t vt wt
−D(ρtThx˙t ut u˙t vt wt ) ]
+ηT [−µtT gyt ut u˙t vt wt
−ρtThyt ut u˙t vt wt − ρ˙t
]
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+ ξT [−µtT gzt ut u˙t vt wt
−ρtThzt ut u˙t vt wt
] }
dt
= −
∫ b
a
{
ηT
[
µtT gxt ut u˙t vt wt
+D(µtT gx˙t ut u˙t vt wt)
+µtT gyt ut u˙t vt wt
]
+ ξT [µtT gzt ut u˙t vt wt ] }dt
−
∫ b
a
{
ηT
[
ρtThxt ut u˙t vt wt
+D(ρtThx˙t ut u˙t vt wt)
+ρtThyt ut u˙t vt wt + ρ˙t
]
+ ξT [ρtThzt ut u˙t vt wt ] }dt (18)
where the ﬁrst inequality is obtained from the invexity of
∫ b
a fit xt,
x˙t yt ztdt i = 1 2     p; the second equality is obtained from
integrating by parts, when t = a and t = b, xt = ut, so it follows that
η = 0; the third is obtained from (5)–(7).
By (3), (9), and (10),∫ b
a
µtT gtxtx˙tytztdt≤
∫ b
a
µtT gtutu˙tvtwtdt
The invexity of
∫ b
a µtT gt xt x˙t yt ztdt implies∫ b
a
{
ηT
[
µtT gxt ut u˙t vt wt
]
+DηT [µtT gx˙t ut u˙t vt wt ]
+ηT [µtT gyt ut u˙t vt wt]
+ ξT [µtT gzt ut u˙t vt wt] }dt ≤ 0 (19)
By the invexity of
∫ b
a ρtT ht xt x˙t yt zt − y˙tdt, we have
(15). So, from (15), (18), and (19)
p∑
i=1
λi
∫ b
a
fit xt x˙t yt ztdt
≥
p∑
i=1
λi
∫ b
a
fit ut u˙t vt wt dt
The proof is ﬁnished.
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Remark 2. From the proof of Theorem 4, (16) and (17) cannot hold
simultaneously if one of the following conditions holds:
(1)
∫ b
a fit xt x˙t yt ztdt is invex in x x˙ y, and z on I with
respect to the same η and ξ, i = 1 2     p; ∫ ba µtT gt xt x˙t yt,
ztdt and ∫ ba ρtT ht xt, x˙t yt, zt − y˙tdt are quasiinvex in
x x˙ y, and z with respect to η and ξ.
(2) λ ∈ !+, ∫ ba ∑pi=1 fit xt x˙t yt ztdt is pseudoinvex in
x x˙ y, and z on I with respect to the same η and ξ, i = 1 2     p;∫ b
a µtT gt xt x˙t yt ztdt and
∫ b
a ρtT ht xt x˙t yt,
zt − y˙tdt are invex or quasiinvex x x˙ y, and z with respect to
η and ξ.
(3) λ ∈ !+, ∫ ba fit xt x˙t yt ztdt is strictly quasiinvex in
x x˙ y, and z on I with respect to the same η and ξ, i = 1 2     p;∫ b
a µtT gt xt x˙t yt ztdt and
∫ b
a ρtT ht xt x˙t yt,
zt − y˙tdt are quasiinvex x x˙ y, and z with respect to η and ξ.
(4) λ ∈ !+, ∫ ba ∑pi=1 fit xt x˙t yt ztdt is quasiinvex in
x x˙ y, and z on I with respect to the same η and ξ;
∫ b
a µtT gt xt x˙t,
yt ztdt and ∫ ba ρtT ht xt x˙t yt zt − y˙tdt are strictly
quasiinvex in x x˙ y, and z on I with respect to the same η and ξ.
(5) λ ∈ !+, ∫ ba ∑pi=1 fit xt x˙t yt ztdt is quasiinvex in
x x˙ y, and z on I with respect to the same η and ξ ∫ ba µtT gt xt x˙t,
yt ztdt and ∫ ba ρtT ht xt x˙t yt zt − y˙tdt are strictly
pseudoinvex in x x˙ y, and z on I with respect to η and ξ.
The proof of the next two theorems is similar to that of Theorems 2
and 3.
Theorem 5 (Strong duality). Assume that the invexities of Theorem 4 are
satisﬁed. Let x∗t y∗t x∗t be a properly efﬁcient solution of (MCP). If
x∗t y∗t z∗t satisﬁes the constraint qualiﬁcation of Lemma 2 for the
following problem for some λ∗ ∈ !+
Pλ∗ minimize
p∑
i=1
λ∗i
∫ b
a
fit xt x˙t yt ztdt
subject to 1 2 and 3
then there exist piecewise smooth µ∗ 	 I → Rq ρ∗ 	 I → Rn such that
x∗t y∗t z∗t λ∗ µ∗t ρ∗t is a properly efﬁcient solution of
(MCD2).
394 chen xiuhong
Theorem 6 (Converse duality). Assume that weak duality (Theorem 4)
holds between (MCP) and (MCD2). If u¯t v¯t w¯t is feasible for
(MCP) and u¯t v¯t, w¯t λ¯ µ¯t ρ¯t is feasible for (MCD2) with
µ¯tT gt u¯t ˙¯ut v¯t w¯t = 0, then u¯t v¯t w¯t is properly efﬁ-
cient for (MCP) and u¯t v¯t w¯t λ¯ µ¯t ρ¯t is properly efﬁcient for
(MCD2).
In the above, we have discussed the duality between (MCP) and (MCD1)
(MCD2). Here our conclusions include some results as found in [2, 3, 7, 8].
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